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Harish-Chandra Research Institute, HBNI, Chhatnag Road, Jhunsi, Allahabad 211 019, India
We study the properties of unextendibility and uncompletability of incomplete entangled bases
of bipartite and multipartite quantum systems by using further entangled states. In particular, we
explore local distinguishability properties of such bases. Interestingly, in multipartite systems, we
find a class of unextendible entangled bases for which the unextendibility property remains conserved
across all bipartitions. We also identify nonlocal operations, local implementation of which require
entangled resource states from a higher-dimensional quantum system.
I. INTRODUCTION
A composite quantum system, distributed among sev-
eral spatially separated parties, can exhibit “nonlocal”
features [1]. The tagging of “nonlocality” is exercised on
a rather broad school of phenomena. There exist cer-
tain nonlocal properties for which entanglement is nec-
essary [2]. Prominent examples of this group are viola-
tion of Bell inequalities [3] and quantum teleportation
[4, 5]. Interestingly, Bennett et al. demonstrated a type
of nonlocality which can be exhibited by a set of orthog-
onal product states [6]. Such nonlocality-exhibiting sets
of orthogonal product states may or may not be able
to form a complete orthogonal product basis. An un-
extendible product basis [7, 8] is among the examples
of such sets, the orthogonal product states within which
cannot be appended with any further orthogonal prod-
uct state, and again, they can exhibit nonlocality. Thus,
the states within an unextendible product basis span a
subspace of a tensor-product Hilbert space such that the
complementary subspace has no product state.
In this work, the labelling of “nonlocality” is applied on
the following phenomenon: Given a composite quantum
system, we consider that the system is distributed among
several spatially separated parties. We also assume that
the system is prepared in a state, taken from a known set
of orthogonal states. The task is to identify the state of
the system under local quantum operations and classical
communication. If it is possible to identify the state of
the system correctly, then the states of the known set
are “locally distinguishable”. Otherwise, we say that the
states of the chosen set are “locally indistinguishable”,
and since they are actually mutually orthogonal, their
local indistinguishability is labelled as exhibiting a type
of “nonlocality”. In Refs. [7–9], proofs related to local
indistinguishability of states within unextendible product
bases were discussed. The study of the unextendibility
property is important to understand the present nonlocal
feature of distributed quantum systems.
It is probably useful to comment here on the use of the
term “basis” in this paper. While a typical monograph
in linear algebra defines a basis as a collection of vectors
that is complete and linearly independent [10, 11], we
will here use the term “basis” even for incomplete sets,
in accordance with the practice in the literature. Other
such “off-track” use of the word, include the “overcom-
plete basis” of coherent states [12] and “basis of linearly
dependent states” [13].
After the discovery of unextendible product bases, the
concept of unextendibility was generalized to the case
of entangled states also. Unextendible bases using or-
thogonal maximally entangled states were introduced in
Ref. [14] for certain square dimensional systems (Cd⊗Cd,
d = 3, 4). A maximally entangled state of a bipartite
quantum system is a pure state of that system that has
the maximal number of Schmidt coefficients for the sys-
tem, and these coefficients are all equal. For an unex-
tendible maximally entangled basis of a tensor product
of two Hilbert spaces, the orthogonal maximally entan-
gled states within that basis span a proper subspace of
the considered tensor-product Hilbert space, while the
complementary subspace contains no maximally entan-
gled state. Such bases are important to demonstrate the
violation of the quantum Birkhoff conjecture [15]. There-
after, unextendible maximally entangled bases were con-
structed in Ref. [16] on nonsquare dimensions (Cd1⊗Cd2,
d1d2 > 4, d2/2 < d1 < d2). In the same paper, the con-
cept of mutually unbiased unextendible maximally entan-
gled bases was introduced. There are many other articles
[17–28] which include discussions regarding bipartite un-
extendible maximally entangled bases.
Bipartite unextendible entangled bases with fixed
Schmidt rank-k were constructed in Refs. [29–33]. For
such an entangled basis, the orthogonal states of Schmidt
rank-k within that basis span a proper subspace of the
considered Hilbert space, while the complementary sub-
space contains no state whose Schmidt rank is ≥ k. A
different type of bipartite unextendibility for nonmaxi-
mally entangled states and their application in a com-
munication protocol were discussed in Refs. [34, 35].
For the bipartite case, the labelling of an “unextendible
entangled basis” is used for a set of mutually orthogonal
states on a tensor product of two Hilbert spaces, where
the states can be maximally or nonmaximally entangled
ones, and they span a proper subspace of the considered
tensor-product Hilbert space such that the complemen-
tary subspace contains only product states. Moreover,
there is no restriction on the Schmidt ranks of the entan-
gled states in an unextendible entangled basis.
Unextendibility for entangled states in multipartite
quantum systems does not have a significant presence in
the literature. In Refs. [36, 37], a few multipartite cases
2were discussed. In Ref. [36], the authors proved that
using the standard Greenberger-Horne-Zeilinger states
[38, 39], it is not possible to construct a three-qubit unex-
tendible entangled basis. They further conjectured that
this will remain true even when the number of qubits is
greater than three. However, they also constructed cer-
tain unextendible entangled bases for multipartite sys-
tems. In Ref. [37], using a different proof technique, it
was again shown that there is no unextendible entan-
gled basis in a three-qubit Hilbert space when the states
are standard Greenberger-Horne-Zeilinger states. Then
the authors provided examples of unextendible entangled
bases for higher dimensional tripartite quantum systems.
The main focus in the existing literature on unex-
tendible entangled bases has been on different types of
constructions. General properties have remained largely
unexplored. In fact, in many research works, unex-
tendibility of orthogonal local unitary operators is used to
construct unextendible maximally entangled bases. But
this technique has its limitations, particularly when one
thinks about constructing unextendible entangled bases
in multipartite systems. More precisely, in a multipartite
system, entanglement has complex structures as there are
different types of states such as fully separable states,
biseparable states, and the genuinely multipartite entan-
gled states [40–42]. Again, among the genuinely multi-
partite entangled states, there are inequivalent classes
under stochastic local quantum operations and classi-
cal communication [43]. Therefore, if one thinks about
constructing an unextendible entangled basis which con-
tains genuine multipartite entangled states from differ-
ent inequivalent classes, then the technique of using un-
extendibility of orthogonal local unitary operators does
not work.
In this work, we consider different types of unex-
tendible entangled bases for both bipartite and multi-
partite systems, and discuss properties of those bases.
Particularly, for a two-qubit system, we provide certain
constructions of unextendible entangled bases. There-
after, we show that there is only one type of unextendible
entangled bases with respect to their cardinality for a
two-qubit system, viz., unextendible entangled bases of
size three. Moreover, these bases cannot be perfectly dis-
tinguished by local operations and classical communica-
tion. We also discuss about unextendible entangled bases
in higher dimensional bipartite systems. Apart from
unextendible entangled bases, we further analyze other
types of incomplete entangled bases, viz., uncompletable
and strongly uncompletable bases considering both max-
imally and nonmaximally entangled states. For multi-
partite systems, we first consider a three-qubit system
and construct two different unextendible entangled bases.
The first basis contains only W states [43–45] while the
second one contains W states as well as Greenberger-
Horne-Zeilinger states. We report that both the bases
have an interesting property, viz., the unextendibility
property remains conserved across every bipartition. We
also mention that this is impossible for any unextendible
product basis in a multi-qubit system. Again, the second
type of basis leads to a nonlocal operation, to implement
which locally, one requires entangled resource states from
a higher-dimensional Hilbert space. An important prop-
erty associated with the second type of basis is that a
subset of five states of the basis can show local indistin-
guishability across every bipartition. We also present an
algorithm to construct unextendible entangled bases for
any number of qubits, which can lead to nonlocal oper-
ations, to implement which locally, entangled resources
from higher-dimensional Hilbert spaces are required. We
also prove that for three qubits, there are only two types
of unextendible entangled bases (which are unextendible
across every bipartition) with respect to their cardinal-
ities, viz., unextendible entangled bases of sizes six and
seven.
The discussions regarding bipartite systems are given
in Sec. II. Thereafter, we provide certain constructions
for multipartite systems, which are given in Sec III. Some
proofs are consigned to an Appendix. Finally, in Sec. IV,
a conclusion is drawn.
II. BIPARTITE SYSTEMS
It is known that for a two-qubit system, there is no
unextendible maximally entangled basis (UMEB) [14].
But a two-qubit unextendible entangled basis (UEB) can
be constructed. In Ref. [36], it was shown that starting
from a two-qubit UEB, it is possible to construct a three-
qubit UEB.
We first present here two different UEBs for a two-
qubit system. Then, we talk about several important
properties of those bases. The first one consists of the
states
1√
3
(|00〉+ |01〉+ |10〉), 1√
2
(|01〉 − |10〉),
1√
3
(
√
2 |00〉 − 1√
2
|01〉 − 1√
2
|10〉).
(1)
In this paper, we will use the notation |v1v2 . . . vm〉 ≡
|v1〉 ⊗ |v2〉 ⊗ · · · ⊗ |vm〉 for an m-partite quantum state.
There is only one two-qubit state which is orthogonal to
the above entangled states and that state is |11〉, which
is a product state. This implies that the above entangled
states form a UEB. An important feature of the above
UEB is that the entangled states are not equally entan-
gled, and in the computational basis, the coefficients are
all real. We now present a UEB which contains equally
entangled states. It consists of the states
1√
3
(|00〉+ |01〉+ |10〉),
1√
3
(|00〉+ ω |01〉+ ω2 |10〉),
1√
3
(|00〉+ ω2 |01〉+ ω |10〉),
(2)
where ω is a nonreal cube root of unity. Notice that both
the UEBs span the same subspace. But in case of the
second basis, the coefficients in the computational basis
are complex quantities.
3We next talk about uncompletability of sets of entan-
gled states. The definition of uncompletability for prod-
uct states was given in Ref. [8]. Following the same def-
inition, we provide the definition of an uncompletable
entangled basis (UCEB).
Definition 1. Given a set of orthogonal pure entangled
states, we assume that the states span a proper subspace
of a tensor-product Hilbert space. If it is possible to find
a nonzero number of entangled states in the complemen-
tary space, which however are not sufficient to form a
complete orthogonal entangled basis of the entire tensor-
product Hilbert space, then the given set is said to be an
uncompletable entangled basis.
Note that the two UEBs presented above has the same
first element. Suppose now that we remove this first state
from any of the sets. Then any pure state from the com-
plementary space can be written as a linear combination
of the two states, (1/
√
3)(|00〉 + |01〉 + |10〉) and |11〉.
Here, it is possible to construct two orthogonal entan-
gled states, adding which to the remaining two states
in any of the above sets, a complete orthogonal entan-
gled basis can be constructed. So, in this case, these
two sets of two states do not constitute UCEBs. We will
return later to the concept of uncompletability of entan-
gled states. However, for the two-qubit UEBs, we now
present the following proposition.
Proposition 1. Any two-qubit unextendible entangled
basis consists of three entangled states and such a basis
cannot be perfectly distinguished by local quantum opera-
tions and classical communication.
Proof. In general, a two-qubit orthogonal product ba-
sis can be written as {|a0〉 , |a1〉 , |b0′〉 , |b1′〉}, where
{|a〉 , |b〉}, {|0〉 , |1〉}, and {|0′〉 , |1′〉} are different orthog-
onal bases for a qubit system [46]. Here, the states |0′〉,
|1′〉 can be thought of as linear combinations of the or-
thogonal states |0〉 and |1〉, in such a way that |0′〉, |1′〉
are orthogonal to each other. Now, we can choose any
three product states from the general two-qubit product
basis, and taking suitable linear combinations, it may
be possible to produce three orthogonal pure entangled
states, which form a UEB. Without loss of generality, we
can consider the chosen set of product states as |a0〉, |a1〉,
and |b0′〉. Now, consider the following three states:
1√
3
(|a0〉+ |a1〉+ |b0′〉),
1√
3
(|a0〉+ ω |a1〉+ ω2 |b0′〉),
1√
3
(|a0〉+ ω2 |a1〉+ ω |b0′〉).
(3)
Clearly, there is only one state left, which is orthogonal
to the above three states, and the state is |b1′〉, a product
state. Now, if |0′〉 = |0〉 and |1′〉 = |1〉, the three states
in (3) are entangled, so that they form an unextendible
entangled basis.
Notice that two or less orthogonal pure entangled
states in a two-qubit system cannot form a UEB. This is
straightforward from the general structure of two-qubit
orthogonal product bases. However, we provide here a
brief proof. We first consider the case of two pure en-
tangled states and we assume that those states form a
UEB. So, there will only be product states in the com-
plementary space. Let us consider two such pure product
states, which are orthogonal, in the complementary sub-
space. By the assumption, any linear combination of the
two product states cannot be entangled. So, the product
states can be of the forms |l1〉 |l2〉 and |l1〉 |l⊥2 〉. In the
span of the assumed UEB also, it is possible to think of
two product states and both of them must be orthogo-
nal to the states |l1〉 |l2〉 and |l1〉 |l⊥2 〉. From the general
structure of the two-qubit product basis, it is clear that
the product states in the span of the entangled states
must have the forms |l⊥1 〉 |l′2〉 and |l⊥1 〉 |l′⊥2 〉. But any lin-
ear combinations of |l⊥1 〉 |l′2〉 and |l⊥1 〉 |l′⊥2 〉 cannot produce
entangled states. Thus, it contradicts with the assump-
tion that the two entangled states forms a UEB.
It is possible to prove that a single entangled state
cannot form a UEB, following the above arguments.
So, it is quite clear that for a two-qubit system, only
one size of UEBs is possible, and that is three. Now,
it is known that any three pure orthogonal two-qubit
entangled states cannot be perfectly distinguished by
local quantum operations and classical communication
(LOCC) [46]. Thus, we arrive to the proposition.
It is good to stress here that in this work, we only con-
sider orthogonal states, and only perfect distinguishabil-
ity under LOCC is considered.
In Ref. [16], a UMEB is constructed in the minimum
nonsquare dimension. The construction shows that it is
basically a 2⊗2 maximally entangled basis (MEB) which
plays the role of a UMEB in 2 ⊗ 3. [We will henceforth
use the notation d1⊗d2⊗· · ·⊗dm instead of Cd1 ⊗Cd2 ⊗
· · · ⊗ Cdm .] But a 2⊗ 2 MEB may not play the role of a
UMEB in 2⊗ d when d ≥ 4. This can be understood in
the following way. Suppose, there is a 2⊗ 2 MEB, given
by four states,
1√
2
(|00′〉 ± |11′〉), 1√
2
(|01′〉 ± |10′〉), (4)
where |0〉, |1〉 forms an orthogonal basis for a two-level
quantum system on Alice’s side and |0′〉, |1′〉 forms an
orthogonal basis for a two-level quantum system on Bob’s
side, with Alice and Bob being the observers in possession
of the two systems involved. If the extended Hilbert space
is 2 ⊗ 4, then we can consider the orthogonal product
states |0x〉, |0x′〉, |1x〉, |1x′〉, where |x〉, |x′〉 along with
|0′〉 and |1′〉 form a complete orthonormal basis of the
four-dimensional side. So, now it is possible to construct
the four mutually orthogonal maximally entangled states,
1√
2
(|0x〉 ± |1x′〉), 1√
2
(|0x′〉 ± |1x〉), . (5)
which, along with the states in (4) form a complete MEB.
In general, it is possible to provide a proposition related
to the above, given as the following.
4Proposition 2. Any complete maximally entangled basis
in d⊗ d is an unextendible maximally entangled basis in
d⊗ (d+ n), where n is an integer in [1, d).
Proof. For any value of n, one can consider the product
states |i〉 |j〉, where i = 0, 1, . . . , (d − 1) and j = d, (d +
1), . . . , (d+n−1). These product states are orthogonal to
the states of the given MEB in d⊗d. As long as n < d, it
is not possible to construct an entangled state of Schmidt
rank-d using the product states |i〉 |j〉. Therefore, the
MEB in d⊗ d, behaves like a UMEB in d⊗ (d+ n).
In Definition 1, we have described uncompletability
for entangled states. We now want to provide a defi-
nition of “strong uncompletability” for sets of entangled
states. Like the notion of uncompletability, strong un-
completability was also introduced for product states in
Ref. [8].
Definition 2. Consider an uncompletable entangled ba-
sis. If that uncompletable entangled basis cannot be com-
pleted even in any locally extended Hilbert space, then
the given states form a strongly uncompletable entangled
basis.
Note that a local extension of the Hilbert space can
happen on any party’s side, or on both. Note also that
in both the definitions (Definitions 1 and 2), if we replace
entangled states by maximally entangled ones, then we
get the notions of uncompletability and strong uncom-
pletability for sets of maximally entangled states. (It
should be remembered that while considering local ex-
tensions in case of maximally entangled bases, the lo-
cal extensions must be carried out only on one side, to
preserve the maximal entanglement property of the con-
stituent states.) From Proposition 2, it is quite clear
that the UMEBs which are mentioned in that Proposi-
tion, can be extended to a complete MEB in a sufficiently
locally extended Hilbert space. In fact, the technique in
Proposition 2 cannot be used to construct strongly un-
completable maximally entangled bases (SUCMEB), as
an uncompletable maximally entangled basis can always
be completed to a MEB in some locally extended Hilbert
space. However, there is an interesting observation which
can be extracted from the UMEB in 2 ⊗ 3 given in (4),
as given in the following proposition.
Proposition 3. If a state, let us say, (1/
√
2)(|00′〉 +
|11′〉), is removed from the UMEB in 2⊗ 3 given in (4),
then it is not possible to get sufficient (in this case, three)
pairwise orthogonal pure maximally entangled states from
the rest of the Hilbert space to complete the basis.
Proof. After the removal of the state, (1/
√
2)(|00′〉 +
|11′〉), the orthogonal complement of the space spanned
by the other three states in (4), is spanned by
(1/
√
2)(|00′〉 + |11′〉), and the two product states, |02′〉
and |12′〉. (Note that |0〉 and |1〉 are forming an orthog-
onal basis for the qubit Hilbert space, and on the other
hand, |0′〉, |1′〉, and |2′〉 are forming an orthogonal ba-
sis for the qutrit Hilbert space.) Let us now consider
an arbitrary linear superposition of these three states in
the orthogonal complement, viz. (e/
√
2)(|00′〉+ |11′〉) +
f |02′〉+g|12′〉, with |e|2+ |f |2+ |g|2 = 1. If this state has
to be maximally entangled, its local density on the qubit
side must be maximally mixed. Forcing that constraint
results in vanishing f and g. Therefore, the orthogonal
complement can support only a single maximally entan-
gled state. This completes the proof.
However, it is possible to construct three pairwise or-
thogonal nonmaximally entangled states to complete the
basis. So, the set of the remaining three states after
(1/
√
2)(|00′〉 + |11′〉) is removed, is an uncompletable
maximally entangled basis (UCMEB), but not a UCEB.
Here, the UCMEB is locally indistinguishable, as in 2⊗2,
three entangled states are always locally indistinguish-
able [46]. Also notice that to distinguish a UMEB of
Proposition 2 locally, one additionally requires a d ⊗ d
maximally entangled state as resource [47, 48].
III. MULTIPARTITE SYSTEMS
Given a maximally entangled state in a bipartite sys-
tem, it is always possible to transform the state to any
state of the considered Hilbert space via LOCC [49–54].
But in a multipartite system (a system with more than
two parties) there is no such state from which it is possi-
ble to get an arbitrary state via LOCC, even probabilis-
tically. This is due to the existence of stochastic LOCC
inequivalent classes [40–43]. In this sense, in a multi-
partite system, there is no state which plays the role of
a maximally entangled state like in bipartite systems.
Therefore, it is quite justified to talk about UEBs, and
not UMEBs, in multipartite systems. In this section, we
will discuss about different UEBs in multipartite systems.
In C2 ⊗ C2 ⊗ C2, we construct two different UEBs
and analyze different properties of those UEBs. The first
UEB consists of only W-type states [43–45] but the sec-
ond UEB consists of both Greenberger-Horne-Zeilinger
(GHZ)-like states and W-type states. See Ref. [43] for
the structures of the states belonging to the GHZ-class
and the W-class. The first UEB is constituted by the
following states:
1√
3
(|001〉+ |010〉+ |100〉),
1√
3
(|001〉+ ω |010〉+ ω2 |100〉),
1√
3
(|001〉+ ω2 |010〉+ ω |100〉),
1√
3
(|000〉+ |101〉+ |110〉),
1√
3
(|000〉+ ω |101〉+ ω2 |110〉),
1√
3
(|000〉+ ω2 |101〉+ ω |110〉).
(6)
Consider any one of the above states, and then let us
trace out any of the qubits. The two-qubit reduced den-
sity matrix has only one product state in its range. So,
5the above states belong to the W-class [43]. We now
present the following theorem.
Theorem 1. The six states in (6), belonging to the W-
class, form an unextendible entangled basis, made of gen-
uinely entangled states. Moreover, the unextendibility
property of the basis remains conserved across every bi-
partition.
Remark: Here, by “conserved”, we mean the carrying
over of the property of unextendibility of the multiparty
basis to the bipartition cases.
Proof. Notice that there is a two-dimensional space that
is orthogonal to the six states. It is spanned by the two
states, |011〉 and |111〉, and they are separable across ev-
ery bipartition. Taking any linear combination of these
two fully separable states, it is not possible to generate
any entangled states (neither biseparable states nor gen-
uinely entangled states). So, the above six states not
only form a three-qubit UEB, but also the unextendibil-
ity property of the UEB remains “conserved” across ev-
ery bipartition. Obviously, if linear combinations of the
orthogonal fully separable pure states in the complemen-
tary subspace are able to produce biseparable states, then
the given states must not form a UEB in at least one bi-
partition.
A general algorithm to produce UEBs in any multi-
partite system, whose unextendibility property should
remain conserved across every bipartition, includes two
steps: (i) finding a set of pure orthogonal genuinely en-
tangled states which span a proper subspace of the con-
sidered Hilbert space, (ii) in the complementary subspace
there should be only fully separable states. We believe
that the result in Theorem 1 is interesting, especially
because there is no known example of an unextendible
product basis (UPB) which is unextendible across every
bipartition. We note here that a UPB is unextendible
across every bipartition if it is not possible to get any
product state in the complementary subspace consider-
ing any bipartition. On the other hand, a UEB is un-
extendible across every bipartition if it is not possible to
get any entangled state in the complementary subspace
considering any bipartition.
The result of Theorem 1 could also be seen in light of
the fact that product states including biseparable ones
of a multipartite system form a set of measure zero, and
almost all states are genuinely multisite entangled. In
spite of this abundance of entangled states, there does ex-
ist a multiparty UEB whose unextendibility is conserved
across every bipartition. On the other hand, despite the
meagre presence of product states, a multiparty UPB
with the same property has not as yet been found.
In this context, we mention that in Ref. [55], a type of
incomplete basis is constructed, termed as unextendible
biseparable basis which cannot be completed by adding
product states across every bipartition. Here, the no-
tion is completely opposite. Here, the basis consists of
genuinely entangled states such that the orthogonal com-
plement contains only triseparable states.
We now present the following proposition.
Proposition 4. In the multiqubit configuration, it is not
possible to construct an unextendible product basis which
is unextendible across every bipartition while it is pos-
sible to construct an unextendible entangled basis whose
unextendibility property remains conserved across every
bipartition.
Proof. The first part of the above proposition is due to
the fact that in C2⊗Cd, there is no UPB [8]. So, there is
no multi-qubit UPB which is unextendible across every
bipartition. The second part of the above proposition is
due to Theorem 1 and the Appendix.
We now move to consider the cardinality (i.e., the size)
of a multiparty UEB that remains a UEB in all partitions,
and present the following proposition.
Proposition 5. A three-qubit unextendible entangled ba-
sis which is unextendible across every bipartition can
have the cardinality of six and seven.
Proof. In case of three qubits, any set of five or a lower
number of pure mutually orthogonal genuinely entan-
gled states cannot show unextendibility of the required
kind, i.e., unextendibility that is retained in all parti-
tions. This can be seen as follows. We consider any
set of five pure mutually orthogonal genuinely multipar-
tite entangled states, and assume that they form a UEB
that remains a UEB in all partitions. So, in the remain-
ing part of the multiparty Hilbert space (the orthogonal
complement of the space spanned by the states of the
UEB), one can always find at least three mutually or-
thogonal fully separable pure states. We now consider a
particular bipartition, and take any linear combination
of those three fully separable states, such that the coeffi-
cients are nonzero. By our assumption, the newly gener-
ated state must be separable in that bipartition. Such a
state can be written as |a′〉 (a1 |a1〉 + a2 |a2〉 + a3 |a3〉),
where |a1|2 + |a2|2 + |a3|3 = 1 and a1, a2, a3 are
nonzero. Again, the states |ai〉 ∀i = 1, 2, 3, are pair-
wise orthogonal. According to our assumption, the two-
qubit state a1 |a1〉 + a2 |a2〉 + a3 |a3〉 must be separable
for all a1, a2, a3, and so can be expressed in the form
|a′′〉 (a′1 |a′1〉+ a′2 |a′2〉+ a′3 |a′3〉), and since |a1〉, |a2〉, |a3〉
are mutually orthogonal and a1, a2, a3 are nonzero, we
must have that |a′1〉, |a′2〉, |a′3〉 are mutually orthogonal
and a′1, a
′
2, a
′
3 are nonzero. This is a contradiction as the
states |a′1〉, |a′2〉, |a′3〉 belong to a qubit space. So, the
two-qubit state a1 |a1〉+a2 |a2〉+a3 |a3〉 might be entan-
gled state. Clearly, the original three-qubit state is not
separable across every bipartition. This shows that our
initial assumption of the existence of a three-qubit UEB
of cardinality five which moreover remains a UEB in all
partitions was not true.
When the cardinality of the given set is less than five,
then also it is possible to have a biseparable state in the
6complementary subspace. Hence, we arrive to the above
proposition.
Next, we present a second type of UEB for a three-
qubit system. The states are given in the following list.
1
2 (|000〉+ |011〉+ |101〉+ |110〉),
1
2 (|000〉+ |011〉 − |101〉 − |110〉),
1
2 (|000〉 − |011〉+ |101〉 − |110〉),
1
2 (|000〉 − |011〉 − |101〉+ |110〉),
1√
3
(|001〉+ |010〉+ |100〉),
1√
3
(|001〉+ ω |010〉+ ω2 |100〉),
1√
3
(|001〉+ ω2 |010〉+ ω |100〉).
(7)
Notice that in the above list, the first four states belong
to the GHZ-class, while the remaining three belong to
the W-class. We now present the following theorem.
Theorem 2. The states in (7) form a three-qubit unex-
tendible entangled basis of cardinality seven, and is un-
extendible across every bipartition. Also, implementing
the measurement onto the complete basis corresponding
to the unextendible entangled basis is a nonlocal opera-
tion. Moreover, a local implementation of the nonlocal
operation cannot be performed by a pure entangled re-
source state of the same dimensions as the basis states.
Proof. To complete the above basis, there is only one
state left in the Hilbert space, which is |111〉, a fully sep-
arable state. Therefore, the above seven states form a
UEB of maximum cardinality. It is also true that there
is no biseparable state which is orthogonal to the above
seven states. Therefore, the above UEB is also unex-
tendible across every bipartition.
An important property of the complete basis (which
includes four states belonging to the GHZ-class, three
states belonging to the W-class, and a fully separable
state) is that distinguishing them corresponds to a non-
local operation, and moreover, the operation cannot even
be implemented locally using any three-qubit entangled
resource. The proof of this follows from the fact that
the basis contains states from both the stochastic LOCC
inequivalent classes of three-qubit pure states, and there-
fore, it is not possible to find a three-qubit pure resource
state from which one can get all the basis states with
some nonzero probability. But the non-availability of a
single state in a certain multiparty Hilbert space that
can be transformed to all the states (of that space) in a
set with some nonzero probability is known to imply the
non-existence of a resource state in that space for distin-
guishing the set of states [56]. This implies that for the
nonlocal operation to distinguish the states, one cannot
use a three-qubit pure state as a resource.
We now move to discuss an interesting local indis-
tinguishability property for the UEB constituted by the
states in (7).
Proposition 6. The unextendible entangled basis of car-
dinality seven formed by the states in (7) is locally in-
distinguishable across every bipartition. Moreover, there
exists a subset of five states which possesses such a prop-
erty.
Proof. Consider the first two GHZ-like states and the first
W-type state in the list in (7), and then view them in
the first qubit vs. the rest bipartition. It is possible to
project them in a two-qubit subspace with some nonzero
probability. The two-qubit subspace is formed by the first
qubit of the three-qubit system, and a two-dimensional
subspace of the Hilbert space of the other two qubits.
This two-dimensional subspace is spanned by the vectors
|φ+〉 = (1/√2)(|00〉 + |11〉) and |ψ+〉 = (1/√2)(|01〉 +
|10〉), of the second and third qubits.
The projected states are pure orthogonal entangled
states. Now, it is known that in a two-qubit system,
three orthogonal pure entangled states cannot be per-
fectly distinguished by LOCC [46]. This indicates that
the UEB is locally indistinguishable in the first qubit vs.
rest configuration. Following the same arguments and us-
ing the first and the third GHZ-like states along with the
first W-type state, it is possible to prove that the UEB
is locally indistinguishable in the second qubit vs. rest
configuration. Similarly, using the first and the fourth
GHZ-like states along with the first W-type state, it is
possible to prove that the UEB is locally indistinguish-
able in the third qubit vs. rest configuration. So, we
have derived that the UEB cannot be perfectly distin-
guished by LOCC across any of the three bipartitions.
Moreover, the first five states possess the property that
they cannot be perfectly distinguished by LOCC across
any bipartition.
A general algorithm to construct the UEBs of the “sec-
ond kind”, viz. UEBs of cardinality of unity less than the
total dimension of the joint Hilbert space and which con-
tain states from stochastic LOCC inequivalent classes,
for any number of qubits is given in the Appendix.
IV. CONCLUSION
We have studied unextendibility for different types
of entangled bases. We have considered both bipartite
and multipartite systems. Apart from new construc-
tions, we have explored several interesting properties of
those bases. For example, we have explored their lo-
cal (in)distinguishability properties. For a few bipartite
bases, we have discussed the notions of uncompletability
and strong uncompletability. For the multipartite bases,
we have introduced the notion of unextendibility across
every bipartition within UEBs. We have also identified
a class of UEBs which lead to a class of nonlocal oper-
ations, local implementation of which require entangled
resource states from a higher-dimensional Hilbert space.
7APPENDIX
UEBs of the “second kind” for an arbitrary number of qubits:
We first consider a four-qubit system. Now, consider the bit strings 0001, 0010, 0100, 1000. Using the corresponding
fully separable pure states, one can consider the following “four-qubit W states”:
1
2 (|0001〉+ |0010〉+ |0100〉+ |1000〉), 12 (|0001〉+ |0010〉 − |0100〉 − |1000〉),
1
2 (|0001〉 − |0010〉+ |0100〉 − |1000〉), 12 (|0001〉 − |0010〉 − |0100〉+ |1000〉).
(8)
Next, we consider the bit-wise orthogonal bit strings 1110, 1101, 1011, 0111. Using the corresponding fully separable
pure states, one can consider the following states, again of the “W-type”:
1
2 (|1110〉+ |1101〉+ |1011〉+ |0111〉), 12 (|1110〉+ |1101〉 − |1011〉 − |0111〉),
1
2 (|1110〉 − |1101〉+ |1011〉 − |0111〉), 12 (|1110〉 − |1101〉 − |1011〉+ |0111〉).
(9)
For a four-qubit system, there are a total of sixteen states in an orthogonal basis. The remaining eight orthogonal bit
strings are 0000, 1111, 0011, 1100, 0101, 1010, 0110, 1001. Keeping aside the bit strings 0000, 1111, 0011, 1100, the
other four can be used to construct four genuinely entangled states of the “GHZ-type” as follows:
1√
2
(|0101〉 ± |1010〉), 1√
2
(|0110〉 ± |1001〉). (10)
We next consider another three genuinely entangled states which are given as the following:
1√
2
(|0011〉+ |1100〉), 1√
2
( 1√
2
|0011〉 − 1√
2
|1100〉 ± |0000〉). (11)
Notice that the first state of the above equation is a standard GHZ state - so were the ones in (10) - and the other
two states are also genuinely entangled states. So, now there is only one state left to complete the basis, and that is
|1111〉, a fully separable state. Clearly, the states in (8)-(11) form a four-qubit UEB of maximum cardinality, which
is also unextendible across every bipartition. If we can now show that the complete basis contains states from two
SLOCC (stochastic LOCC) inequivalent classes, it will follow that the basis will correspond to a nonlocal operation, to
implement which by LOCC, it requires an entangled resource state from a higher-dimensional Hilbert space. Following
the above process, it is easy to construct multi-qubit UEBs when the number of qubits ≥ 5. Modifying the steps it
is also possible to produce UEBs of different cardinalities.
The N-qubit GHZ and W states are SLOCC inequivalent:
We are now left with proving that the above basis contains states that belong to at least two SLOCC inequivalent
classes. We will therefore show that the N -qubit GHZ state |GHZN 〉 = 1√2 (|0⊗N 〉+ |1⊗N 〉) and the N -qubit W state
|WN 〉 = 1√
N
(
∑ |0⊗(N−1)1〉) are SLOCC inequivalent. This result is well-known in the community, but we provide a
proof of it for completeness. The proof directly follows from the arguments in Refs. [43, 57]. Let the parties sharing
the N -qubit state be named as A1, A2, ..., AN . It was proven in Ref. [43] that any state that is SLOCC equivalent
to the N -qubit GHZ state |GHZN 〉 can be expressed as |a1〉A1 |a2〉A2 . . . |aN 〉AN + |b1〉A1 |b2〉A2 . . . |bN 〉AN , where |ai〉
and |bi〉 are vectors of the qubit Hilbert space associated with the system Ai, with i = 1, 2, . . . , N . Suppose now
that the state |WN 〉 can be expressed as |a1〉A1 |a2〉A2 . . . |aN 〉AN + |b1〉A1 |b2〉A2 . . . |bN 〉AN , for some vectors |ai〉 and
|bi〉 of the qubit Hilbert space associated with the system Ai, with i = 1, 2, . . . , N . Then, |a1〉|a2〉 and |b1〉|b2〉 will
span R(ρW
A1A2
), the range of the local density matrix of |WN 〉 after tracing out all parties except A1 and A2. Since
the ranks of the local density matrices of ρW
A1A2
, which are just the single-qubit local densities of the N -qubit W
state, are two each, R(ρW
A1A2
), being a two-dimensional subspace of C2 ⊗ C2, will contain exactly two product states
[57]. Now, ρW
A1A2
= trA3...AN |WN 〉〈WN | = 1N (2|ψ+〉〈ψ+| + (N − 2)|00〉〈00|), where |ψ+〉 = 1√2 (|01〉 + |10〉). It is
easy to show that an arbitrary superposition of the states |ψ+〉 and |00〉 has only one product state, viz. |00〉, and
therefore this is the only product state in R(ρW
A1A2
). This contradicts the assumption that |WN 〉 can be written as
|a1〉A1 |a2〉A2 . . . |aN 〉AN + |b1〉A1 |b2〉A2 . . . |bN〉AN , proving that the N -qubit W state is not SLOCC equivalent to the
N -qubit GHZ state |GHZN〉.
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